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Abstract 

In [5] we proved that generically functions defined in any open set can be 
approximated by a sequense of their Pade approximants, in the sense of uniform 
convergence on compacta. In this paper we examine a more particular space, 
A°°(£l) , and prove that we can obtain similar approximation results with functions 
smooth on the boundary. 
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1. Introduction 

On a disc every holomorphic function / can be approximated by the partial sums 
of its Taylor expansion. It is also true that generically in a simply connected domain 
every holomorphic function is the uniform on compacta limit of a subsequense of the 
partial sums of its Taylor expansion. The partial sums are polynomials and thus by 
the maximum principle we are led to uniform approximation on compact sets with 
connected complement. If we replace the partial sums by the Pade approximants [p/q]f, 
which are rational functions with poles, then we obtain approximation on compact sets 
with arbitrary connectivity ([3], [5]). 

In [2] it was proved that generically every entire function can be approximated 
uniformly on compacta by a subsequense \p n /Qn]f of its Pade approximants, provided 
p n — > +oo and p n — q n — > +oo. In [5] we weakened the previous assumption to 
p n — > +oo only and we extended the result to any simply connected domain. We also 
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obtained the same approximation on any open subset of C (of arbitrary connectivity) 
under the assumption p n — > +00 and q n — > +00. 

In the present paper we obtain similar results using smooth functions; that is, 
holomorphic functions on fi such that every derivative extends continuously on fi 
(/ G A°°{Q)). In the case of a domain fi C C such that (C U {00} \ fi is connected 
we obtain the result provided p n — > +00; this result is generic in a subset of A°°{Q), 
which is the closure of the set of polynomials, under the natural topology. We do not 
know in general if this subspace is the whole A°°(il). If there exists a finite constant 
M < 00 so that all points A,B G fi can be joined in J? by a curve r with length 
\r\ < M , then the polynomials are dense in A°°(f2) ([Hi). In the case q = the 
generic result in the closure of polynomials in A°°(f2) is known ([3]). 

Finally in the general case of an open subset C C we obtain a similar generic 
result in the closure in A°°{Q) of holomorphic functions in some varying neighborhood 
of fi, provided p n — > +00 and q n — > +00. Our method of proof is based on Baire's 
Category theorem ([7], [8]) and extends the methods of [1] and [13]. 



2. Preliminaries 

Let fi C C be an open set and let us consider the set A°°{Q) = {/ G H{Q): f( l > 
extends continuously on fi, I = 0, 1, . . .}, where f( l \ 1 = 0,1,... denote the derivatives 
of the holomorphic function /. 

We define the following metric p on A°°(fl): 

00 00 ^ 

p{f,g) = ^2^2yr^ m[n {\\f-9\\i,nA}, 

1=0 n=l 

where ||/ — g\\^ n = sup |/® — g^\, I = 0, 1, . . .. It is easy to see that a sequense in 

zennA(o,n) 

A°°(f2), (fm)me® converges f m -A / G A°°({2), if and only if f m {l) -> /W uniformly 

on each compact subset of fi, for every I. The space (A°°(f2),p) is compete. 

00 

Let / be a function holomorphic in a neighborhood of and let f{z) = ^ a v z v its 

v=0 

Taylor series. A Pade approximant \p/q]f of f,p,q€ {0, 1, 2, . . .}, is a rational function 
of the form 

p 

n v z v 



q ' 
E d v z v 

v=0 



2 



such that its Taylor series Yl b v z v coincides with ^ a v z v up to the first p+q+1 terms; 

v=0 v=0 

that is b v = a v for v = 0, . . . ,p + q ([I]). 

We notice that in case of q = there exists always a unique Pade approximant of 

v 

f and \p/q]f(z) = S p (z), where S p (z) = ' s ^a v z v . For q > 1 it is true that there exists 

v=0 

a unique Pade approximant of /, if and only if the following determinant is not zero: 



det 



a p-<J+l a p-q+2 ' ' ' Op 
Qp-q+2 O-p-q+3 ' ' ' O-p+l 

O-p a p+l ' ' ' Up+q-l 



7^ 0, ai = 0, when i < 0. 



(*) 



Then we write / G D Pt q. 

If / G D Pt g, then [p/q]f (q > 1) is given by the Jacobi explicit formula: 



\p/q\f 





z q S p - q {z) 


z >Jp—q+l 


■ ■ ■ S p {z) 


det 


a 


p-q+l 


(lp-q+2 


■■■ a p 


+ 1 










dp 




a p+q 






z q 


Z <?-1 . . . 


1 






det 


O-p-q+1 


dp-q+2 ' ' ' 






















O-p+1 


a p+q 





with Sk(z) 



v=0 

0, fc < 0. 



a„, u 



0, 1, . . . ,p + q, involved in the 



f(v) /Q\ 

Remark 2.1. If all of the coefficients - — r^- 
determinant (*) depend linearly on d G C, a v = c v ■ d + t v , such that = 0, when 
v < p and c p ^ 0, then the determinant is a polynomial in d of degree q and hence only 
for finite values of d the determinant is zero. 

If L is any set we write h G H(L) if /i is holomorphic in some open set containing 

L. We also denote \\h\\L = sup for every function h : L — > C on the set L. 

zeL 



Lemma 2.2. Let r > 0, p, q, s G N and K C C a compact set. If f G -ff (Z\(0, r)), 
/ £ -Cp,g suc/i i/iat zis Pade approximant \p/q]f has no poles in K, then for every e > 
t/iere exists 5 > suc/i £/ia£ /or every g G -£f(Z\(0,r)) u>i£/i jjg — /H^Tor) < ^ ^ /io/ds 
5 G D p ,, and ||[p/g]? - [p/q]f\\ K < e, V/ G {0, !,...,«}. 
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Proof. Let e > 0. Observe that the determinant (*) and the coefficients of the numer- 
ator and the denominator of \p/q\\ , I = 0,1,... ,s depend polynomially on v {- ' , v = 
0, 1, . . . ,p + q. This implies that there exists 5 such that for every g G H(A(0, r)) with 
It " ^1 < I v = 0, 1, . . . ,p + q it holds g G £ p>9 and \\[p/q}f - \p/q]f\\ K < e, 

I = 0,1,..., 8. 

If < 5 < min{r v ■ S | v = 0, 1, . . . ,p + q} and \\g — f\\ A(0 r) < <5, then by Cauchy's 
estimates we obtain: 

gW(0) /(»>(0) 
f ! i>! 

Remark 2.3. It follows from Lemma E2] that D Pi(? n A°°(J?) is open (0 G I?). 



(5"/) W (0) 



< 



! - J - 2 < — < 5. 



3. A special case 

Let J? C C be an open set containing 0, such that (C U oo) \ 17 is connected. Also, 
let F C N x N which contains a sequence (Pm>9m)meN) such that p m — > +oo. We 
define 

• Bf = {/ G ^4°°(17): there exists (j> m , <? m ) m eN in F such that / G F) VmAm , for all 
m G N and for every K C f} compact \p m /qm]^ uniformly on K, for 

each I = 0,1,. . .}. 

. E{n, s, (p, q)) = {/ G A°°(^) : / G £> M and || [p/g]/ - /||, in < Z = 0, 1, . . . , a}, 
n,s G N, (p,q) G F. 

oo 

Lemma 3.1. Bp = f] [j E(n,s,(p,q). 

n,s=l (p,q)eF 

Proof. It is standard and is omitted. [A similar proof can be found in [12]]. ■ 
Lemma 3.2. E(n,s, (p,q)) is open. 

Proof. Dp^ q n A°°(f2) is open (Remark I2.3[) and similarly to the proof of the Lemma 
12.21 we can prove that the map / i-> ||[p/?]/ — f\\i, n is continuous, for any I. ■ 

We will now focus our attention on a more accessible space, H{fl), which is a 
subspace of A°°{Q) and is considered with its relative topology. 

Lemma 3.3. The polynomials are dense in H{Q). 

Proof. Let / G H(l2) and e > 0. It suffices to show that for N = N(e) G N and 
L = L(e) G N there exists a polynomial P such that \\P — f\\i N < £, V7 < L. Observe 
that (C U oo) \ (7? n A(0, N)) is connected. 
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/ G H(fi), thus, there exists [/CC open such that / G H(U) and Q C U. 



• It is true that we can find FCC open, such that Q fl Z\(0, iV) C V C U and 
(C U oo) \ V connected (in other words V is simply connected) ([3], [6]). 

By Runge's theorem there exists a sequense of polynomials (Pj)j g N> such that 
/® uniformly on each compact subset of V for every I, which completes 
the proof. ■ 

Theorem 3.4. BpDcl^oo^H^n) is G$ and dense in cZ^^i?) 

H(Q). (Hence B F ^0j. 
Proof. Lemma llOl impries that \J E(n, s(p, q))Dcljioo^H(f2) is open in clA°°fmH(f2). 
By Lemma l3.il /3Fnc/ a°°(P)H(Q) is Gx in cIa°°{<t>)H(Q). We claim that (J E(n, s, (p, q))n 

_ _ MeF 

°l'A o °(n)H(f2) is dense in cIa^{q)H{Q). If this is true, then Baire's Category theorem 

completes the proof. By Lemma 13.31 it suffices to prove that for every polynomial P 

and e > there exists / € U s, (p, q)) H H(f2) such that ||P — /||j,jv < e > f° r 

(p,g)eF 

every I < L = L(e) G N, where vV = N(e) G N. 

• Let P be a polynomial and e > 0. There exists (p, q) £ F such that p > degP. 

If g = 0, define /(z) = P(z) + c?z p , d G C \ {0}. It is immediate that / G -D Pi9 and 
[p/<?]/ = /. It follows / G E(n,s, (p,q))r\H(j2). In addition, ||/-P||z,jv = \d\ ■ \\z p \\l,N < 
e, V/ < L, when < \d\ < el max \\z p \\i n- 

0<1<L 

If q > 1, we define = , Cj,dj G C \ {0}, where and Cj will be 

determined later on, j G N. 

• Let A > max{n, N}. We have inf |1 — (cjz) 9 | > 1 — \cj \ q • H^H^U — - > — , when 

zeA(o,\) A( -°> x > 2 

< \cj\ < -r — , j G N. 

. We have ||£(*)-P(*)|| ^ = ||^±|^|| ^ < 2(||P(z)||^-|c,|^||z||^ y + 
• IMI^Q^y)- Thus, there exists <5j > 0, j G N, such that: — P|| ^ A ) < 
when < \cj\ < 5j < — — and < \dj\ < Sj. Hence, fj — > P uniformly 

on A(0, A) and so — > PW uniformly on i? fl Z\(0, iV) (which is contained in 
A(0, A)), for every I. Therefore, there exists jo G N such that \\fj — P\\i,n < e/2, 
Z = 0,1,...,L. 

• We fix c JO satisfying the above. Around 0, fj (z) = P(z) + dj z p + P(z) • (cj Q z) q + 
dj z p • (cjgz) 9 + • • • . According to Remark 12. II we can choose < \dj \ < 8j , such 
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that fj G D p q . By the uniqueness of the Pade approximant of fj we obtain 
\P/Q]f j0 =fj0- 

• Let r > 0: A(0,r) C i? n Z\(0, A). By Lemma O there exists 6 > such that for 
every / G #(4(0, r)) with ||/-/ io H^^y < 5 it holds || [p/g]/ - b/^]^ Q Il/,n < l/2a, 
V/ < s. Also, we demand < 5 < min{l/2s, e/2}. 

• The Taylor series of /, n around has radius of convergence greater than y^—r > 
A. It follows that its partial sums 

(ElU^ir^/ -> ffo uniformly on 

/^'(o) 

Q fl Z\(0, A), for every /. Hence, there exists a partial sum f(z) = Ylv=o ' J 1a — zV 

such that ||/ — fj \\i t x < 5,Vl < max{s,L}. 

• / satisfies: \\\p/q)f - f\\i, n < ||[p/<?]/ ~ \pIq\t. \\l,n + \\fj ~ f\\l,n < V 2s + S < V s , 

J 3Q 

VZ < s. It follows that / G E(n,s, (p,q)) n #(77). Also, it holds ||/ - P\\ tjN < 
11/ - f j0 \\i,N + \\f jo - P\\i,n <e/2 + 5<e,Vl< L. 

This completes the proof. ■ 



4. The general case 

Let J? C C be an open set containing 0. Also, let F C N x N which contains a 
sequence (pW)§m)meN such that p m — > +oo and q m — > +oo. We define #f and 
-E(n, s, (p, </)) similarly as in Section 13"! 

The analogue of Lemmas 13.11 13.21 hold in this case also. Like before we concentrate 
on H{f2) and its closure in A°°(f2). 

Lemma 4.1. The rational functions with poles off Q are dense in H(ft). 

Proof. Let / € #(!?). There exists U C C open (depending on /) such that Q C U and 
/ G H(U). By Runge's theorem there exists a sequense (Ri)^ of rational functions 
with poles in (C U oo) \ U, hence R { G #(Z7) C #(77), Vi G N, such that Ri ->• / 
uniformly on each compact set of Z7. Similarly to the Lemma 13.31 for a given e there 
exists i such that - f\\ l>N < e/2, VZ < L, where L = L(e) G N, iV = JV(e) G N are 
chosen so that p(f, Ri Q ) < e. ■ 

Theorem 4.2. Bp Dcljioom^H (f2) is G$ and dense in cZ^oom-j #(/?). (Hence Bp ^9). 

Proof. Since [j E(n, s, (p,q)) is open, it follows that Bp fl clA°°m\H(f2) is in 
(p,9)eF 

the subspace. By Baire's Category theorem the proof would be complete if the set 
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U E(n, s, (p,q)) (~l if (17) was dense in H(f2), n,s £ N. By Lemma f4.ll it suffices 

to show that for every rational function R with poles off 17 (or R £ H(Q)) and every 

e > there exists / € U E(n, s, (p, q)) D ff (77) such that ||/ - -R||z,jv < £, V7 < L = 
(p,g)eF 

L(e) £ N, A = A(e) £ N. 

• Let R(z) = be a rational function with poles only in (C U {oo}) \ 17, where 
A, B are polynomials and let e > 0. There exists (p, q) £ F such that p > degA 
and q > degB. We define fj(z) = b{z)-{c Z z)i ' c i>4/ ^ N {0}> where Cj and dj 
will be determined later on, j £ N. 

• Since R has no poles in 17, there exists U C C open such that i? £ H(U) and 
Q C.U. Also, there exists A C t/ compact such that A 3 17 n Z\(0, A), where 
A = maxjra, A}, and every component of (C U oo) \ A contains at least one 
component of (C U oo) \ U (|14J). 

• We have B(0) ^ and inf \B(z)\ > 0. Furthermore, inf \B{z) — (cjz) q \ > 

z£K z£K 

inf \B(z)\ - \cj\ q ■ \\z\\ q K > 0, when < \ Cj \ < ( ^jg^ 1 ) 179 , Vj £ N. Thus, 



!!/;(*)-*(*) 



A(z)(c j z) 9 + B(z)d i zP 



B(z)(B(z) - {cjzY) 



^ \\A{z)\\ K -\cA* -Jz^ + \\B{z)\\ K - \d,j\ .\\z\\ p K 
K~ inf |S(^)| • inf IS^) - 



• There exists 6j > 0, j £ N, such that \\fj — R\\k < whenever \cj\ < 6j < 
( — rr]pr~^ ) and |cL;| < 5j, Vj £ N. Hence, /j — > i? uniformly on AT and 



A" 



fj' — > on each compact subset of A , for every I. This implies that there 
exists jo £ N, such that \\fj — R\\i,n < e/2, V7 < A. 

We fix c J0 satisfying the above. Around we have: fj {z) = B (O)A(z) + 
B-^OjdfozP - 5- 1 (0)A(z) • - 1) - B- l (0)d jo zP ■ (B(z) - 1) + • • • , where 

B(z) = B~ 1 (0)B(z)-B~ 1 (p)(c jo z) q . By RemarkOwe can choose < |d io | < S jo 
such that fj £ D P! q. Thus, there exists a unique Pade approximant of fj and 

T _ B-H0)A(z)+B L \0)d ja zP fi , , , T 



There exists r > 0: Z\(0,r) Cfin Z\(0, A) C A . Lemma E7J provides < 5 < 
min{l/2s, e/2} such that for every / £ H(A(0, r)) with ||/ — /joll^oTy < <5; ^ 
follows / £ £> p>(? and ||[p/?]/ - \p/q]r \\i, n < l/2s, V/ < s. 

By Runge's theorem there exists a sequense of rational functions, (Ri)^, with 
poles off K and more particularly (see previous property of K) off U, such that 
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Ri — » fj uniformly on K. This implies that R\ — >■ f^J uniformly on each 
compact subset of K°. Hence, there exists / = Ri € H(U) C H{Q) such that 
||/-^olli,A < 5, V/ < max{s,L}, because 77 n Z\(0, A) C if . 

. It follows that ||[p/«]/-/||i,n < lltP/9]/-b/9]f. lll,n+||^o-/||l,n < 1/2^ + ^ < 1/S, 

J Jo 

VZ < s. Thus, / G E(n,s,(p,q)) n Moreover, it holds ||/ - i?|| i)A r < 

11/ - Hmv + 114 " ^Ikiv < S + e/2 < e, V/ < L. 

This completes the proof. ■ 
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